We consider the problem of efficient estimation of tail probabilities of sums of correlated lognormals via simulation. This problem is motivated by the tail analysis of portfolios of assets driven by correlated Black-Scholes models. We propose two estimators that can be rigorously shown to be efficient as the tail probability of interest decreases to zero. The first estimator, based on importance sampling, involves a scaling of the whole covariance matrix and can be shown to be asymptotically optimal. A further study, based on the Cross-Entropy algorithm, is also performed in order to adaptively optimize the scaling parameter of the covariance. The second estimator decomposes the probability of interest in two contributions and takes advantage of the fact that large deviations for a sum of correlated lognormals are (asymptotically) caused by the largest increment. Importance sampling is then applied to each of these contributions to obtain a combined estimator with asymptotically vanishing relative error.
Introduction
We consider the problem of efficient estimation of tail probabilities of sums of random variables that are correlated and possess heavy tails. As a motivating example, one could consider the problem of computing the probability of large losses or high returns on a portfolio of correlated asset prices. A very popular model in the financial literature is the socalled Black-Scholes model, in which stock prices follow a lognormal distribution which are usually considered to have significative correlations. Motivated by these types of financial risk problems, we shall concentrate on efficient tail estimation of sums of correlated lognormals. More precisely, let
T and covariance matrix (we say that
In rare event simulation literature, an unbiased estimator Z b for α(b) is said to be weakly efficient, logarithmically efficient or asymptotically optimal if log EZ ). In contrast, we consider a rare-event simulation problem that involves the sum of dependent increment distributions. The dependence structure makes the available rare-event simulation algorithms for tails of sums of i.i.d. heavy-tailed increments difficult to apply in our current setting because they rely heavily on the i.i.d. assumption.
We mentioned before that our current setting relates to applications in finance, in the context of tail probabilities of assets driven by correlated Black-Scholes models. In this context, a popular approach that is often suggested is approximating the prices by a t -distributed model. Such approximation is motivated by means of a Taylor expansion which is often called a Delta approximation, if it involves the first derivative only or Delta-Gamma approximation, if the first and second derivatives are considered (Glasserman 2000) . The use of t -distributions is appealing in these settings in order to capture the heavy-tailed behavior which is present in the original lognormal model (which is approximated by means of the Delta-Gamma development). Efficient rare-event simulation procedures are then designed for the Delta-Gamma approximation with t -distributed factors or quadratic forms of Gaussian factors (Glasserman et al. 1998; Glasserman 2000) . The simulation estimators that we propose and analyze here avoid the need for a Delta-Gamma approximation by working directly with the lognormal factors in an efficient way. So, we do not incur bias errors that are inherent to the use of the Delta-Gamma approximation and, at the same time, efficiency of the estimators is preserved.
Our contributions are as follows. We analyze and propose two importance sampling estimators for α (b) . The first estimator is closely related to the use of Cross-Entropy methods for finding the best tuning for the importance distribution. Interestingly, such tuning can be related to an appropriate exponential change-of-measure, but not directly to the underlying Gaussian distributions, but to the radial component expressed in polar coordinates.
